Distribution of the trace of Frobenius on average for rank 2 Drinfeld
  modules by Castillo, Abel
ar
X
iv
:1
60
3.
08
22
7v
1 
 [m
ath
.N
T]
  2
7 M
ar 
20
16
DISTRIBUTION OF THE TRACE OF FROBENIUS ON AVERAGE FOR RANK 2
DRINFELD MODULES
ABEL CASTILLO
Abstract. Let q be an odd prime power, a ∈ Fq[T ] and u ∈ F
∗
q . Provided q ≥ 17, we compute the
average number of primes p for which the characteristic polynomial of the Frobenius at p is X2−aX+up
over a family of rank 2 Drinfeld Fq[T ]-modules. Our results give asymptotic formulas in the x-limit.
1. Introduction
Let q be a power of an odd rational prime. Let F be the field with q elements. Let A := F[T ] and
F := F(T ). Since A is a unique factorization domain, non-zero prime ideals correspond to monic
irreducible polynomials in T . We always use the letter p to denote monic irreducibles in A. For a ∈ A,
define |a| := qdeg a and sgn a to be the leading coefficient of n as a polynomial in T .
Let F{τ} be the non-commutative polynomial ring with the commutation rule τa = aqτ for all a ∈ F .
A Drinfeld module (more precisely, a Drinfeld A-module) over F of rank r is given by an F-algebra
homomorphism Φ : A→ F{τ}, n 7→ Φn, where the image of T is
ΦT = T + c1τ + · · · + crτ r,
with ci ∈ F , cr 6= 0, and r ≥ 1.
For all but finitely many monic irreducibles p in A, the reduction of Φ modulo p is a Drinfeld module
over the residue field of p of rank r, and the Frobenius endomorphism at p satisfies a polynomial of
degree r, which we refer to as the characteristic polynomial of Frobenius at p for Φ. This polynomial
has coefficients in A, and (additive inverse of) the next-to-leading coefficient of this polynomial ap(Φ)
gives rise to interesting arithmetic questions. For instance, one can fix an element a ∈ A and ask for
the distribution of primes p for which ap(Φ) = a.
Interest in this question can be traced back to the analogous question for elliptic curves over Q. In
[LT76], Lang and Trotter give the following conjecture.
Conjecture 1.1. Let E be an elliptic curve over Q without complex multiplication, and fix an integer
a. For ℓ ∈ N a prime of good reduction, let aℓ be the trace of Frobenius at ℓ of E. Then,
#{ℓ prime in Z: 1 ≤ ℓ ≤ x, aℓ(E) = a} ∼ CE,a
√
x
log x
,
where CE,a is a constant depending only on E and a.
The conjecture remains unproven, but progress has been made in the form of upper bounds (see for
instance [Ser81], [CFM05], and [MMS88]).
An approximation to this problem is to consider an average over a “box” of elliptic curves. Probably
the first such computation can be found in the work of Fouvry and Murty [FM96], where they compute
the average number of primes for which aℓ = 0 for the two-parameter family of elliptic curves {E(a,b) :
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y2 = x2+ax+b}. They obtain the following asymptotic formula (the dash indicates a sum over models
of non-singular curves):
1
4AB
∑
|a|≤A
|b|≤B
′
#{ℓ prime in Z: 1 ≤ ℓ ≤ x, aℓ
(
E(a,b)
)
= 0} ∼ π
3
√
x
log x
,
provided A,B > x
1
2
+ε and AB > x
3
2
+ε for some ε > 0. More generally, one has [DP99], where David
and Pappalardi fix an integer a and compute the average number of primes for which aℓ = a, obtaining
1
4AB
∑
|a|≤A
|b|≤B
′
#{ℓ prime in Z: 1 ≤ ℓ ≤ x, aℓ
(
E(a,b)
)
= a} ∼ Ca
√
x
log x
,
with the constant Ca given explicitly, provided A,B > x
1+ε for some ε > 0. Improvements to the result
in [DP99] come in the form of smaller box sizes obtained through the use of character sum estimates
(see for instance [Bai07] and [BS09]). For instance, Baier [Bai07] reduces the conditions on A and B
to A,B > x
1
2
+ε and AB > x
3
2
+ε for some ε > 0.
It is natural to ask for average results such as these for rank 2 Drinfeld modules. To this effect, David
[Dav96] obtains an analogue of the result of Fouvry and Murty, counting supersingular reductions for
rank 2 Drinfeld modules on average. More precisely, as x runs through positive integers and x→∞,
1
qA+1qB+1
∑
deg g≤A
deg∆≤B
′
#{ℓ ∈ A monic irreducible, deg ℓ = x : aℓ(E(a,b)) = 0} ∼ C(x, q)
qx/2
x
,
with the constant C(x, q) given explicitly in terms of q and the parity of x, and provided A,B ≥ x.
In this paper we prove a generalization of this last statement for more general a ∈ A. Our character
sum estimates require us to avoid very small values of q, say q ≥ 17. Our techniques follow those of
[DP99] and [Bai07], giving us lower bounds on A and B that improve as q →∞.
1.1. Statement of Results. For g,∆ ∈ A, let Φ(g,∆) be the Drinfeld module over F determined by
the homomorphism
Φ(g,∆) : A→ F{τ}, T 7→ T + gτ +∆τ2,
and for a prime p of good reduction, let ap(g,∆) and Pp(X, g,∆) be (respectively) the trace and the
characteristic polynomial of the Frobenius at p for Φ(g,∆).
Fix a positive integer x, and let P be the set of monic irreducible polynomials in A of degree x. Let
A,B be positive integers; these will be constrained in terms of x. We will take an average over Drinfeld
modules in a two-parameter family by taking
Box(A,B) := {(g,∆) ∈ A×A : deg g < A,deg∆ < B,Φ(g,∆) is a rank 2 Drinfeld module}.
We are interested in the quantity
S(x,A,B, a, u) := 1
#Box(A,B)
∑
(g,∆)∈Box(A,B)
#{p ∈ P : Pp(X, g,∆) = X2 − aX + up}.
3Define C∞, which we view as the local factor at the prime at infinity, as
(1.1) C∞ :=
{
1
q1/2(q−1)
if x odd,
1
(q+1)(q−1) if x even .
Our main theorem makes use of character sum estimates to allow for smaller values of A and B for
large q.
Theorem 1.2. Take the notation above, and assume q ≥ 17 is fixed. Suppose that deg a < 12x and
that,
(1.2) A,B > log 4
log q
x+ log x and A+ B >
(
1
2
+
log 16
log q
)
x+ log x.
Then, we have
S(x,A,B, a, u) = C∞C(a)q
x/2
x
+ E(x, q);
where C∞ is defined in (1.1), C(a) is given by
∏
ℓ|a
(
1− 1|ℓ|2
)−1∏
ℓ∤a
( |ℓ|(|ℓ|2 − |ℓ| − 1)
(|ℓ|2 − 1)(|ℓ| − 1)
)
,
and E(q, x) is o
(
qx/2
x
)
as x→∞.
In the setting studied by [DP99], there is no analogue of the unit appearing in the definition of
S(x,A,B, a, u); our result shows that, on average, there is uniform distribution over admissible u ∈ F∗.
The box size we obtain is comparable to [Bai07], with the difference that, for q large enough, the factors
of x appearing in the expressions in (1.2) can be made arbitrarily close to 0 and 12 respectively.
1.2. Notation. Let q be an odd prime power, and let F be the finite field with q elements. Let
A := F[T ], A(1) the set of monic polynomials in A, and F := F(T ). For an element a ∈ A, let sgn a
denote the leading coefficient of a and deg a denote the degree of a as a polynomial in T . Write
|a| = qdeg a.
The letters p and ℓ hereafter denote monic irreducible elements of A, which we refer to as primes. If p
is a prime in A, let Fp be the A-field A/pA. If a ∈ A, then we write aˆ for the element amod p in Fp.
Define ϕ(·) to be the Euler-phi function on A, i.e. ϕ(a) := #(A/aA)∗. As in the classical case, ϕ is
multiplicative and has the product expansion
ϕ(a) = |a|
∏
p|a
(
1− 1|p|
)
.
From this expansion it is straightforward to deduce the identity
(1.3) ϕ(vw) = ϕ(v)ϕ(w) · gcd(v,w)
ϕ(gcd(v,w))
.
Fix a positive integer x, and write P := {p ∈ A(1) : deg p = x}.
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2. Background and Preliminary Lemmas
2.1. Drinfeld modules. We refer the reader to [Dri74], [Dri77], [Gek91], and [Ros02] for more rigorous
treatments of the theory of Drinfeld modules, including proofs.
For any A-field K, let K{τ} be the non-commutative polynomial ring with the commutation rule
τα = αqτ for all α ∈ K.
For (g,∆) ∈ A×A let Φ(g,∆) be the Drinfeld module over F determined by the homomorphism
Φ(g,∆) : A→ F{τ}, T 7→ T + gτ +∆τ2.
If ∆ 6= 0, this is a rank 2 Drinfeld module. For any prime p ∤ ∆, let
Pp(X, g,∆) = X
2 − ap(g,∆)X + up(g,∆)p ∈ A[X]
be the characteristic polynomial of the Frobenius endomorphism at p; recall from [Gek91] that this
polynomial satisfies deg ap(g,∆) ≤ 12 deg p and up(g,∆) is a unit in A.
For (γ, δ) ∈ Fp × Fp with , let φ(γ, δ) be the Drinfeld module over Fp determined by
φ(γ, δ) : A→ Fp{τ}, T 7→ Tˆ + γτ + δτ2.
If δ 6= 0, this is a rank two finite Drinfeld module over Fp, and we write
P (X, γ, δ) = X2 − a(γ, δ)X + u(γ, δ)p
for the characteristic polynomial of the Frobenius endomorphism.
2.2. Orders in imaginary quadratic fields. We refer the reader to [Yu95], [Gek08] for more details
and proofs.
Let E be a degree 2 extension of F ; since we assume q is odd, E must be separable. We say E is an
imaginary quadratic extension of F if the prime at infinity of F does not split in E. An equivalent, more
concrete characterization (see for instance [Ros02, Prop. 14.6, p. 248]) is given by writing E = F (
√
D)
with D squarefree. Then, E is an imaginary quadratic extension if and only if degD is odd, or degD is
even and sgnD is a nonsquare in F∗. Whenever D ∈ A satisfies the above, we say D is a fundamental
discriminant. If d satisfies the above except possibly the squarefree condition, we simply say that d is
a discriminant.
Fix a fundamental discriminantD and let E = F (
√
D). ThenOE := A
[√
D
]
is the ring of integers of E.
Moreover, any A-subalgebra of E with A-rank 2 is contained in OE ; we cal these orders in E, with OE
being the maximal order in E. As in the classical setting, there is a one-to-one correspondence between
discriminants (up to multiplication by a square in F∗) and orders in imaginary quadratic extensions of
F , given by d↔ A
[√
d
]
. This correspondence sends fundamental discriminants to maximal orders.
For each fundamental discriminant D, we define the Dirichlet character χD on A associated to A[
√
D]
by assigning values at primes via
χD(ℓ) :=


0 if ℓ is ramified in F (
√
D),
1 if ℓ splits in F (
√
D),
−1 if ℓ is inert in F (√D),
5and extending completely multiplicatively to all of A. For each discriminant d, write d = f2D where D
is a fundamental discriminant and f ∈ A(1). Then, we define the Dirichlet character χd on A associated
to A[
√
d] by assigning values at primes via
χd(ℓ) :=
{
0 if ℓ | f,
χD(ℓ) otherwise
and extending completely multiplicatively to all of A. For the Dirichlet character described above,
define the L-function associated to χd via
L(s, χd) :=
∑
n∈A(1)
χd(n)
|n|s for Re(s) > 1.
One has (see for instance [Ros02, Ch. 2]) that this function can be expressed as a polynomial in q−s
of degree deg d. Moreover, the Riemann Hypothesis for function fields implies that, replacing q−s with
X, we can write the L-function of a Dirichlet character χ on A whose conductor has degree x as
(2.1) L(s, χ) =
x∏
i=1
(1− αiX) with αi ∈ C, |αi| ≤ q1/2.
We also define the class number of the order A
[√
d
]
. First we define a proper ideal I ⊂ A
[√
d
]
as one
that satisfies
{α ∈ E : αI ⊆ I} = A
[√
d
]
.
The proper ideals of A
[√
d
]
have unique factorization into products of proper prime ideals, and we
define h(d), the ideal class number of A
[√
d
]
, as the number of proper A
[√
d
]
-ideals modulo principal
ideals. From the theory of quadratic spaces (see [Yu95]), we get that, if D is a fundamental discriminant
and f ∈ A the ratio of the class numbers h(f2D) and h(D) is
(2.2)
h(f2D)
h(D)
=
|f |[
A
[√
D
]∗
: A
[√
f2D
]∗] ∏
ℓ|f
(
1− χD(ℓ)|ℓ|
)
.
For maximal orders, we have the analytic class formula from Artin’s thesis ([Art24], see also [Ros02,
Theorem 17.8A, p. 317]):
(2.3) h(D) =


|D|1/2
q1/2
L(1, χD) if degD odd,
2|D|1/2
q+1 L(1, χD) if degD even and sgnD is a nonsquare in F
∗.
We combine (2.2) and (2.3) in the following lemma for later reference.
Lemma 2.1. Take the notation above and suppose that d = f2D, where D is a fundamental discrimi-
nant and f is monic. Then,
h(d) =


|d|1/2
q1/2
L(1, χd) if deg d odd,
2|d|1/2
q+1 L(1, χd) if deg d even and sgn d is a nonsquare in F
∗.
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2.3. Finite Drinfeld modules of rank 2. In this section we record some lemmas regarding isomor-
phism classes of finite Drinfeld modules. Let p be a prime in A with deg p = x.
Theorem 2.2 ([Gek08, Prop. 6.8]). Fix a ∈ A with deg a < x/2. Let u ∈ F∗, and if x is even
then further assume that −4u is a nonsquare in F∗. The number of Fp-isomorphism classes of rank 2
Drinfeld modules with characteristic polynomial of Frobenius equal to X2−aX+up is the total number
of ideal classes of the ring A
[√
a2 − 4up
]
.
We denote this quantity as Hp, and observe that
(2.4) Hp =
∑
f∈A(1)
f2|a2−4up
h
(
a2 − 4up
f2
)
.
Lemma 2.3 ([Gek08, Section 1]). Let φ(α, β) and φ(γ, δ) be rank 2 Drinfeld modules over Fp (i.e.
βδ 6= 0). Then, φ(α, β) and φ(γ, δ) are Fp-isomorphic if and only if there exists µ ∈ F∗p such that
(α, β) = (µq−1γ, µq
2−1δ).
Moreover,
#{(α, β) : φ(α, β) ≡Fp φ(γ, δ)} =
{
|p|−1
q2−1
if γ = 0 and deg p even,
|p|−1
q−1 otherwise .
Lemma 2.4. Let a, b, c, d ∈ A with p ∤ abcd. Let Φ(a, b) and Φ(c, d) be rank 2 Drinfeld modules over
F . Then, the following are equivalent:
1. The finite Drinfeld modules over Fp given by φ(aˆ, bˆ) and φ(cˆ, dˆ) are Fp-isomorphic.
2. cˆaˆ−1 is a perfect (q − 1)th power in F∗p, and (ca−1)(q+1) ≡ db−1mod p
Proof. This follows directly from [Gek08, §1.4] 
Lemma 2.5. The number of Fp-isomorphism classes of rank 2 Drinfeld modules over Fp containing a
representative of the form φ(0, δ) for some δ ∈ Fp is O(q2).
Proof. The pairs (0, δ) can be parametrized by F∗p, and multiplication by a (q
2 − 1)th power gives
Fp-isomorphic Drinfeld modules. Therefore our quantity is bounded by
#
(
F∗p/(F
∗
p)
q2−1
)
= q2 − 1.

2.4. Character sum estimates for Dirichlet characters over A. The first lemma is a straight-
forward consequence of the Riemann Hypothesis for function fields. We record it, with proof, for the
sake of completeness. In particular, we later make use of the explicit dependence of the bound on the
degree of the conductor of the character.
Lemma 2.6. Let p ∈ A(1) be a prime with deg p = x. Fix natural numbers z′ ≤ z ≤ x. Fix a
nonprincipal Dirichlet character χ modulo p. Then we have the upper bound∣∣∣∣∣∣∣∣∣
∑
f∈A(1)
z′≤deg f≤z
χ(f)
∣∣∣∣∣∣∣∣∣
≤ qz/22x.
7Proof. We write the L-function L(s, χ) associated to χ in two different ways and compare coefficients.
By definition, for Re s > 1 we have
L(s, χ) =
∑
f∈A(1)
χ(f)|f |−s.
Under the change of variables X ↔ q−s, and writing
c(k) :=
∑
f∈A(1),deg f=k
χ(f),
this becomes
L(s, χ) =
x∑
k=1
c(k)Xk.
Examining the product expansion given in (2.1), we see that c(k) is the kth elementary symmetric poly-
nomial in x letters evaluated at {−αi}xi=1. Ignoring cancellation among summands in this presentation
of c(k), we get the upper bound
|c(k)| ≤
(
x
k
)
qk/2,
which immediately yields the bound∣∣∣∣∣∣∣∣∣
∑
f∈A(1)
z′≤deg f≤z
χ(f)
∣∣∣∣∣∣∣∣∣
≤ qz/2
z∑
k=z′
(
x
k
)
.
The lemma follows by completing the sum of binomial coefficients to range from 0 to x. 
Lemma 2.7. Let p ∈ A(1) be a prime. Fix a natural number z. Let {an} be a sequence of complex
numbers supported on {n ∈ A(1) : deg n ≤ z}. We have the bound
∑
χ(mod p)
∣∣∣∣∣∣∣∣
∑
n∈A(1)
deg n≤z
anχ(n)
∣∣∣∣∣∣∣∣
2
= ϕ(p)
∑
deg f<deg p
∣∣∣∣∣∣∣∣∣∣∣
∑
n∈A(1)
degn≤z
n≡f mod p
an
∣∣∣∣∣∣∣∣∣∣∣
2
,
where the sum is taken of all Dirichlet characters mod p.
Proof. Expand the square on the left hand side and use orthogonality of characters. This is essentially
the same as [Bai07, Lemma 5]. 
3. From Drinfeld modules to a sum of class numbers
Our first task is to remove the dependence on the box size from the calculation; our approach fol-
lows [Bai07] and uses character sums to simultaneously treat congruence conditions and isomorphism
conditions.
From here on, we fix a ∈ A and u ∈ F∗. We assume that x > 2 deg a; the case of equality poses
additional complications that would require further study to address. If x is even, then we further
assume that −4u is a nonsquare in F∗. We define Ip to be the number of Fp isomorphism classes [φ] of
rank 2 Drinfeld modules over Fp such that:
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1. For any representative φ(γ, δ) of [φ], P (γ, δ) = X2 − aX + up; and
2. There does not exist a representative of [φ] of the form φ(0, δ).
By Lemma 2.5, we have Hp − Ip = O(q2).
3.1. Application of character sums estimates. We change the order of summation to obtain
S(x,A,B, a, u) = 1
#Box(A,B)
∑
p∈P
#{(g,∆) ∈ Box(A,B) : p ∤ ∆, Pp(X, g,∆) = X2 − aX + up}
=
1
#Box(A,B)
∑
p∈P
#{(g,∆) ∈ Box(A,B) : p ∤ g∆, Pp(X, g,∆) = X2 − aX + up}+O
(
qA
|p|
)
.
Let (up,j, vp,j) for j = 1, .., Ip be pairs of monic elements of A such that
{φ(uˆp,j , vˆp,j)}Ipj=1
forms a system of representatives of Fp-isomorphism classes of rank 2 Drinfeld modules over Fp with
P (X, uˆp,j , vˆp,j) = X
2 − aX + up and p ∤ up,j. With this notation the expression inside of this last sum
becomes
(3.1)
Ip,a∑
j=1
#{(g,∆) ∈ Box(A,B) : φ(gˆ, ∆ˆ) ∼=Fp φ(uˆp,j, vˆp,j)}
By Lemma 2.4, (g,∆) satisfies the condition in the summand of (3.1) if and only if:
1. gu−1p,j is a perfect (q − 1)th power modulo p, and
2. (gu−1p,j )
q+1 ≡ ∆v−1p,j (mod p).
To detect the first condition, we use the (q − 1)th power residue symbol ( ··)(q−1). It has properties
similar to those of power residue symbols in the classical setting; see [Ros02, Chapter 3] for details. In
particular, we have
q−2∑
k=0
(
gu−1p,j
p
)k
(q−1)
=
{
q − 1 if gu−1p,j is a perfect (q − 1)th power modulo p,
0 otherwise.
For the second condition, orthogonality of Dirichlet characters implies that
∑
χ(mod p)
χ(gq+1u
−(q+1)
p,j ∆
−1vp,j) =
{
ϕ(p) if (gu−1p,j )
q+1 ≡ ∆v−1p,j (mod p),
0 otherwise.
We now write (3.1) as
1
(q − 1)ϕ(p)
Ip∑
j=1
∑
(g,∆)∈Box(A,B)

q−2∑
k=0
(
gu−1p,j
p
)k
(q−1)



 ∑
χ(mod p)
χ(gq+1u
−(q+1)
p,j ∆
−1vp,j)

 .
9For χ a Dirichlet character mod p, and 0 ≤ k ≤ q − 2, define
G1(χ, k) :=
Ip∑
j=1
(
u−1p,j
p
)k
(q−1)
χq+1(u−1p,j)χ(vp,j),
G2(χ, k) :=
∑
g∈A(1)
deg g<A
(
g
p
)k
(q−1)
χq+1(g), and
G3(χ, k) :=
∑
∆∈A(1)
deg∆<B
χ(∆).
In this notation, (3.1) becomes
(3.2)
1
(q − 1)ϕ(p)
q−2∑
k=0
∑
χ(mod p)
G1(χ, k)G2(χ, k)G3(χ, k).
In (3.2), there is exactly one totally trivial term, namely (χ, k) = (χ0, 0). The contribution of this term
is
Ipq
A+B
(q − 1)ϕ(p) =
Hpq
A+B
(q − 1)|p|
(
1 +O
(
1
|p|
))
+O
(
q2+A+B
(q − 1)ϕ(p)
)
.
There are two types of semi-trivial terms in (3.2). Suppose first that χ 6= χ0 and
(
·
·
)k
(q−1)
χq+1 = χ0.
This means that χq+1 =
(
·
·
)−k
(q−1)
, and there are at most q + 1 choices of χ satisfying this relation.
Altogether, there are at most O(q2) such terms overall. For each of these terms, we estimate G1 and
G2 trivially, and bound G3 using Lemma 2.6. The total contribution of these terms is
O
(
Ip2
xq2+A+(B/2)
(q − 1)|p|
)
.
Now suppose that χ = χ0 and k 6= 0, which occurs for O(q) terms. Here we estimate G1 and G3
trivially, and bound G2 using Lemma 2.6. The total contribution of these terms is
O
(
Ip2
xq1+(A/2)+B
(q − 1)|p|
)
.
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For the remaining terms in (3.2), we apply the Cauchy-Schwarz inequality to obtain
(3.3)
1
(q − 1)ϕ(p)
q−2∑
k=1


∑
χ(mod p),χ 6=χ0
χq+1 6=( ·
·
)
−k
(q−1)
G1(χ, k)G2(χ, k)G3(χ, k)

≪
q−2∑
k=1

 ∑
χ(mod p)
∣∣∣∣∣∣
Ip∑
j=1
(
u−1p,j
p
)k
(q−1)
χ(u
−(q+1)
p,j vp,j)
∣∣∣∣∣∣
2

1/2
×

 ∑
χ(mod p),χ 6=χ0
q
∣∣∣∣∣∣∣∣
∑
g∈A(1)
deg g<A
χ(g)
∣∣∣∣∣∣∣∣
4

1/4
 ∑
χ(mod p),χ 6=χ0
∣∣∣∣∣∣∣∣
∑
∆∈A(1)
deg∆<B
χ(∆)
∣∣∣∣∣∣∣∣
4

1/4
The q in the second factor on the right hand side of (3.3) appears since, for fixed χ1, there are O(q)
choices of χ satisfying χq+1 = χ1. The second and third factors on the right hand side of (3.3) are
bounded using Lemma 2.6. For the first factor on the right hand side of (3.3), we apply Lemma 2.7,
noting that
#{j : u−(q+1)p,j vp,j ≡ f (mod p)} ≤ q
for all f mod p, and is nonzero for at most Ip choices of f mod p. Altogether, the contribution from
these terms is bounded by
O
(
|p|1/2I1/2p 4xq(3+A+B)/2
(q − 1)|p|
)
.
Combining the above estimates, we have
S(x,A,B, a, u) = q
A+B
#Box(A,B)
1
(q − 1)qx
∑
p∈P
Hp + E,
where
E = O

 1
xqB
+
1
q2x+1
∑
p∈P
Hp +
2x
qx+1
(
q
qA/2
+
q2
qB/2
)∑
p∈P
Hp +
q1/2
qx/2
4x
q(A+B)/2
∑
p∈P
(Hp)
1/2.


From the analytic class formula and a trivial bound on L(1, χ), we can write
Hp ≪ x2qx/2 and (Hp)1/2 ≪ xqx/4;
this allows us to rewrite E as
E = O
(
1 +
qx/2
(q − 1)x
(
x2
q2x+1
+ x22x
(
q
qA/2
+
q2
qB/2
)
+
4xq3/2+x/4
qA/2+B/2
))
In order for the main term to dominate E as x→∞, we require that A and B satisfy (1.2).
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4. Application of the prime number theroem for arithmetic progressions
We now focus on the quantity
(4.1)
1
(q − 1)qx
∑
p∈P
Hp,
upon observing that
qA+B
#Box(A,B) = 1 + o(1) as q
x →∞.
Combining the analogue of Deuring’s lemma (Theorem 2.2) with the class number formula (Lemma
2.1), and taking C∞ as defined in (1.1), we get
Hp = (q − 1)C∞
∑
r∈A(1)
r2|a2−4up
|p|1/2
|r| L(1, χR),
where R := R(r, u, a, p) = a
2−4up
r2
. Altogether we rewrite (4.1) as
(4.2)
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
L(1, χR)
|r| .
We recall an effective version of the prime number theorem for arithmetic progressions. For a proof,
see [Ros02, p.40-42], while keeping track of the dependence of the O-constant on m.
Theorem 4.1. Suppose m,a ∈ A with (m,a) = 1. Then
# {p,deg p = x : p ≡ amodm} = 1
ϕ(m)
qx
x
+O
(
(degm)2
x
qx/2
)
.
4.1. Sum truncations. We follow the strategy of [DP99], that is, upon expanding the L-value we get
a triple sum, truncate in two directions, and control the third direction using Theorem 4.1.
Expressing the L-value as a sum, we rewrite (4.2) as
(4.3)
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
1
|r|
∑
v∈A(1)
χR(v)
|v| .
We fix a parameter U , depending on x, to be determined precisely later. We aim to control the
contribution of r ∈ A(1) with deg r ≥ U . Changing the order of summation and bounding the L-value
trivially, we get that this is
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
deg r≥U
1
|r|
∑
v∈A(1)
χR(v)
|v| = O

 xqx/2
∑
r∈A(1)
U≤deg r≤x/2
1
|r|#{p ∈ P : r
2|a2 − 4up}

 .
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Applying Theorem 4.1, we rewrite this as
(4.4) O

qx/2 ∑
r∈A(1)
U≤deg r≤x/2
1
|r|ϕ(r2) +
∑
r∈A(1)
U≤deg r≤x/2
(deg r)2
|r|

 .
The second sum in (4.4) is O(x3). For the first sum in (4.4) we have∑
r∈A(1)
U≤deg r≤x/2
1
|r|ϕ(r2) ≤
1
q2U
∑
r∈A(1)
U≤deg r≤x/2
1
ϕ(r)
.
Elementary manipulations give the bound∑
r∈A(1)
U≤deg r≤x/2
1
ϕ(r)
≪ x
∑
r∈A(1) sqfree
U≤deg r≤x/2
1
ϕ(r)
,
as well as ∑
r∈A(1) sqfree
U≤deg r≤x/2
1
ϕ(r)
≪ x.
Altogether we have
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
deg r≥U
1
|r|
∑
v∈A(1)
χR(v)
|v| = O
(
qx/2x2
q2U
+ x3
)
.
Therefore, we require that
(4.5) U > εx for some 0 < ε < 1.
We fix a second parameter V , depending on x and to be determined precisely later. Our next task is
to control the contribution of v ∈ A(1) with deg v ≥ V . We write this as
(4.6)
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
deg r<U
1
|r|
∑
v∈A(1)
deg v≥V
χR(v)
|v| = O


1
qx/2
∑
r∈A(1)
r2|a2−4up
deg r<U
1
|r|
∑
p∈P
x∑
y=V
1
qy
∑
v∈A(1)
deg v=y
χR(v)

 .
The innermost sum on the right hand side of (4.6) can be bounded as in the proof of Lemma 2.6 by
O
(
qy/2
(x−2 deg r
y
))
. This leaves us with
x∑
y=V
1
qy
∑
v∈A(1)
deg v=y
χR(v) = O

 x∑
y=V
1
qy/2
(
x− 2 deg r
y
) = O( 2x
qV/2
)
.
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This shows that
∑
p∈P
∑
r∈A(1)
r2|a2−4up
deg r<U
1
|r|
x∑
y=V
1
qy
∑
v∈A(1)
deg v=y
χR(v) = O

 2xqV/2
∑
r∈A(1)
deg r<U
1
|r|#{p ∈ P : r
2|a2 − 4up}

 .
We apply Theorem 4.1 to the inner quantity, and note that∑
r∈A(1)
deg r<U
1
|r|ϕ(r) = O(1) and
∑
r∈A(1)
deg r<U
(deg r)2
|r| = O(U
3),
and (4.6) becomes
C∞
qx/2
∑
p∈P
∑
r∈A(1)
r2|a2−4up
deg r<U
1
|r|
∑
v∈A(1)
deg v≥V
χR(v)
|v| = O
(
2x
qV/2
qx/2 + U3
x
)
.
Therefore, we require that
(4.7) V >
(
log 4
log q
+ ε
)
x for some ε > 0.
4.2. Extracting the main term. We are left considering the sum
(4.8)
1
qx/2
∑
u∈F∗
∑
r∈A(1)
deg r≤U
1
|r|
∑
p∈P
r2|a2−4up
∑
v∈A(1)
deg v≤V
1
|v|χR(v).
We make some observations leading to conditions in our sum.
• If r | a2 − 4up and r | a, then r | p. But deg r ≤ U , and U will be chosen strictly less than x,
therefore the latter will not happen. This means that we can restrict the sum to a sum over r
satisfying
(4.9) (r, a) = 1
.
• The value of χR(v) depends R modulo v and not on R itself, and gcd(R, v) 6= 1 implies that
χR(v) = 0.
• Let σ be a representative for a class in (A/vA)∗. Then
a2 − 4up
r2
≡ σ(mod v) ⇐⇒ p ≡ a
2 − r2σ
4u
(mod vr2).
• Observe that gcd(σr2−a2, v) = 1 if and only if gcd(σr2−a2, vr2) = 1. One direction is obvious.
For the other direction, suppose that gcd(σr2 − a2, v) = 1 and there exists a prime ℓ such that
ℓ | vr2 and ℓ | σr2 − a2. Our hypothesis implies that ℓ ∤ v, so it is necessary that ℓ | r and
consequentially that ℓ | a2. This contradicts (4.9).
We introduce the explicit conditions just discussed into (4.8) and partition the inner sum into residue
classes to get
14 ABEL CASTILLO
We partition into residue classes and explicitly introduce the conditions just discussed to write
1
qx/2
∑
r∈A(1)
deg r≤U
gcd(a,r)=1
∑
v∈A(1)
deg v≤V
1
|rv|
∑
σ(v)∗
gcd(σr2−a2,v)=1
χσ(v)#
{
p,deg p = x : p ≡ a
2 − r2σ
4u
(mod vr2)
}
,
where ∗ indicates that the sum is taken over representatives of (A/vA)∗.
We now apply Theorem 4.1. We ensure that deg vr2 < x by requiring that
(4.10) 2U + V ≤ (1− ε)x for some ε > 0.
It follows that
#
{
p,deg p = x : p ≡ a
2 − r2σ
4u
(mod vr2)
}
=
1
ϕ(vr2)
qx
x
+O
(
x2qx/2
)
.
We bound the contribution of the error terms as follows.
1
qx/2
∑
r∈A(1)
deg r≤U
gcd(a,r)=1
∑
v∈A(1)
deg v≤V
1
|rv|
∑
σ(v)∗
gcd(σr2−a2,v)=1
χσ(v)x
2qx/2
= O

x2 ∑
r∈A(1)
deg r≤U
1
|r|
∑
v∈A(1)
deg v≤V
1
|v|
∑
σ(v)∗
1

 = O (x4qV ) .
We see that we need
(4.11) V ≤ x(1
2
− ε) for some ε > 0.
We choose U and V as follows. Under the assumption that q > 16, we note that
log 4
log q
<
1
2
;
provided x is not too small, we can choose
U :=
⌊
1
4
x
⌋
, V :=
⌈(
1
4
+
log 2
log q
)
x
⌉
and this choice will satisfy (4.5), (4.7), (4.10), and (4.11) as x→∞. Our main term, coming from the
main term in the prime number theorem, becomes
(4.12)
C∞
qx/2
∑
r∈A(1)
deg r≤U
gcd(a,r)=1
∑
v∈A(1)
deg v≤V
1
|rv|
∑
σ(v)∗
gcd(σr2−a2,v)=1
χσ(v)
1
ϕ(vr2)
qx
x
= C∞
qx/2
x
∑
r∈A(1)
deg r≤U
∑
v∈A(1)
deg v≤V
1
|rv|ϕ(vr2)
∑
σ(v)∗
gcd(σr2−a2,v)=1
χσ(v)
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5. The constant C(a)
We introduce the following notation. For v, r ∈ A(1) with gcd(r, a) = 1, write
c(a; v, r) :=
∑
σ(v)∗
gcd(σr2−a2,v)=1
χσ(v)
With this notation, the constant appearing in our the main term of is
C∞
∑
r∈A(1)
deg r≤U
∑
v∈A(1)
deg v≤V
c(a; v, r)
|rv|ϕ(vr2)
We first extend this to a sum over all v, r ∈ A(1) and show that the infinite sum converges, and converges
quickly enough so that we can replace the bounded sum in our main term by the infinite sum. Then,
we rewrite the infinite sum as a product over primes in A, so that our constant can be more easily
compared with those coming from conjectures and other results in the literature.
5.1. Properties of c(a; v, r). Following [DP99], we write explicit expressions for c(a; v, r), giving an
upper bound on its absolute value. We first note that c(a; v, r) is multiplicative in v. Indeed, let
gcd(v1, v2) = 1 and for a fixed σ (mod v1v2) there are unique σ1 (mod v1) and σ2 (mod v2) such that
σ = σ1 + k1v1 = σ2 + k2v2 for some k1, k2 ∈ A.
Moreover,
gcd(σr2 − a2, v1v2) = 1 =⇒ gcd(σr2 − a2, v1) = 1 and gcd(σr2 − a2, v2) = 1,
and for i = 1, 2,
gcd(σr2 − a2, vi) = gcd((σi + kivi)r2 − a2, vi) = gcd(σir2 − a2, vi).
Multiplicativity now follows by splitting the character sum in c(a; v1v2, r).
We now focus on c(a; ℓk, r) where ℓ is a prime in A. We consider two cases.
If gcd(ℓ, r) = 1 then σ 7→ σr2 is a permutation of the set
{σ(ℓk)∗ : gcd(σr2 − a2, ℓk) = 1.}
Therefore
c(a; ℓk, r) =
∑
σ(ℓk)∗
gcd(σr2−a2,ℓ)=1
χσ(ℓ)
k =
∑
σˆ(ℓk)∗
gcd(σˆ−a2,ℓ)=1
χσˆ(ℓ)
k = c(a; ℓk, 1)
But this last quantity is
c(a; ℓk, 1) = |l|k−1



∑
σˆ(ℓ)∗
χσˆ(ℓ)
k

− χa2(ℓ)k

 .
If ℓ ∤ a, this is
c(a; ℓk, 1) =
{ |l|k−1(|ℓ| − 2) if k even,
−|l|k−1 if k odd,
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If ℓ | a, this is
c(a; ℓk, 1) =
{ |l|k−1(|ℓ| − 1) if k even,
0 if k odd,
If gcd(ℓ, r) = ℓ, it follows that ℓ ∤ a and the condition gcd(σˆr2 − a2, ℓ) = 1 is vacuous. Therefore
c(a; ℓk, r) =
∑
σˆ(ℓ)∗
χσˆ(ℓ)
k
By orthogonality, this is 0 if k is odd and |l|k−1(|ℓ| − 1) if k is even. The following lemma summarizes
this discussion.
Lemma 5.1. Take the notation above. Then
c(a; ℓk, r) =
{
c(a; ℓk, ℓ) if ℓ | r
c(a; ℓk, 1) if ℓ ∤ r;
more precisely,
c(a; ℓk, r) =


|l|k−1(|ℓ| − 2) if k even, ℓ ∤ a, ℓ ∤ r
−|l|k−1 if k odd, ℓ ∤ a, ℓ ∤ r
|l|k−1(|ℓ| − 1) if k even, ℓ | a, ℓ ∤ r
0 if k odd, ℓ | a, ℓ ∤ r
|l|k−1(|ℓ| − 1) if k even, ℓ | r
0 if k odd, ℓ | r.
Define κ(·) as the multiplicative function with values on prime powers given by
κ(ℓk) =
{
1 if k even,
|ℓ| if k odd.
From Lemma 5.1 it is clear that
|c(a; ℓk, r)| ≤ |ℓ
k|
κ(ℓk)
From the multiplicativity of c(a; v, r), we get the following bound.
Corollary 5.2. Take the notation above. For all v ∈ A(1),
|c(a; v, r)| ≤ |v|
κ(v)
5.2. Extending the constant to an infinite sum. For fixed r, Corollary 5.2 implies that
(5.1)
∑
v∈A(1)
deg v≥V
|c(a; v, r)|
|v|ϕ(v) ≤
∑
v∈A(1)
deg v≥V
1
κ(v)ϕ(v)
,
and we wish to control the growth of this sum as y →∞. If v ∈ A(1) can be written as v = m2n with
m,n ∈ A(1) and n squarefree, then κ(v) is simply |n|. With this we rewrite the sum on the right hand
side of (5.1) as∑
y≥V
∑
m∈A(1)
degm≤y/2
∑
n∈A(1) sqfree
deg n=y−2degm
1
|n|ϕ(m2n) =
∑
y≥V
∑
m∈A(1)
degm≤y/2
∑
n∈A(1) sqfree
degn=y−2 degm
1
|mn|ϕ(mn) ,
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and bound it trivially by
O

∑
y≥V
∑
m∈A(1)
degm≤y/2
1
|m|ϕ(m)
∑
n∈A(1) sqfree
deg n=y−2degm
1
|n|ϕ(n)

 = O

∑
y≥V
1
qy
∑
m∈A(1)
degm≤y/2
|m|
ϕ(m)
∑
n∈A(1) sqfree
deg n=y−2 degm
1
ϕ(n)


= O

∑
y≥V
y
qy
∑
m∈A(1)
degm≤y/2
|m|
ϕ(m)


We bound ϕ crudely from below as ϕ(m) ≫ (q − 1)degm, using the fact that q > 2 since q is an odd
prime power. With this bound we get that
|m|
ϕ(m)
≪
(
3
2
)degm
.
Altogether we have
∑
v∈A(1)
deg v≥V
|c(a; v, r)|
|v|ϕ(v) = O

∑
y≥V
y
(
3
2
)y
qy/2

 .
Since q is an odd prime power, this sum converges, and we have the bound
(5.2)
∑
v∈A(1)
deg v≥V
|c(a; v, r)|
|v|ϕ(v) = O
(
1(
2
3q
1/2
)V
)
With this, we can bound the sums
(5.3)
∑
r∈A(1)
gcd(r,a)=1
∑
v∈A(1)
deg v>V
c(a; v, r)
|rv|ϕ(vr2) and
∑
r∈A(1)
gcd(r,a)=1
deg r>U
∑
v∈A(1)
deg v≤V
c(a; v, r)
|rv|ϕ(vr2) .
For the first sum in (5.3), we use (5.2) as follows:
∑
r∈A(1)
gcd(r,a)=1
∑
v∈A(1)
deg v>V
|c(a; v, r)|
|rv|ϕ(vr2) ≤
∑
r∈A(1)
gcd(r,a)=1
1
|r|ϕ(r2)
∑
v∈A(1)
deg v>V
|c(a; v, r)|
|v|ϕ(v)
≪ 1(
2
3q
1/2
)V ∑
r∈A(1)
gcd(r,a)=1
1
|r|ϕ(r2)
The inner sum can be bounded above by
∑
r∈A(1)
1
|r|2 = O(1).
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For the second sum in (5.3), we extend the sum over v and note that∑
r∈A(1)
gcd(r,a)=1
deg r>U
1
|r|ϕ(r2)
∑
v∈A(1)
|c(a; v, r)|
|v|ϕ(v) ≪
∑
r∈A(1)
gcd(r,a)=1
deg r>U
1
|r|2 ≪
1
qU
.
We record the result of the computations above in the following lemma.
Lemma 5.3. Take the notation above. Then,∣∣∣∣∣∣∣∣∣∣∣
∑
r∈A(1)
gcd(r,a)=1
∑
v∈A(1)
c(a; v, r)
|rv|ϕ(vr2) −
∑
r∈A(1)
deg r≤U
gcd(r,a)=1
∑
v∈A(1)
deg v≤V
c(a; v, r)
|rv|ϕ(vr2)
∣∣∣∣∣∣∣∣∣∣∣
≪ 1
qU
+
1(
2
3q
1/2
)V
In particular, the sums over v and r in (4.12) can be extended to sums over suitable elements of A(1)
of all degree, at the cost of an error of
O
(
qx/2
x
(
1
qU
+
1(
2
3q
1/2
)V
))
,
and this expression is o
(
qx/2
x
)
as x→∞.
5.3. Product expansion of the constant. To complete the proof, we rewrite the sum∑
r∈A(1)
gcd(r,a)=1
∑
v∈A(1)
c(a; v, r)
|rv|ϕ(vr2) ,
in order to see that it gives rise to C(a) as defined in the statement of Theorem 1.2. The computations
needed are elementary and reliant on properties of multiplicative functions. In particular, we follow
[DP99, Proof of Lemma 4.1, p. 16-17]
From (1.3) we get∑
r∈A(1)
gcd(r,a)=1
∑
v∈A(1)
c(a; v, r)
|rv|ϕ(vr2) =
∑
r∈A(1)
gcd(r,a)=1
1
|r|ϕ(r2)
∑
v∈A(1)
c(a; v, r)
|v|ϕ(v)
ϕ(gcd(v, r2))
| gcd(v, r2)|
We expand the inner sum as a product over primes to write
∑
r∈A(1)
gcd(r,a)=1
1
|r|ϕ(r2)
∏
ℓ

∑
α≥0
c(a; ℓα, r)
|ℓα|ϕ(ℓα)
ϕ(gcd(ℓα, r2))
| gcd(ℓα, r2)|


Whenever ℓ ∤ r, this last factor vanishes and c(a; ℓα, r) = c(a; ℓα, 1), so we extract a product from the
sum to get
∏
ℓ

∑
α≥0
c(a; ℓα, 1)
|ℓα|ϕ(ℓα)

 ∑
r∈A(1)
gcd(r,a)=1
1
|r|ϕ(r2)
∏
ℓ|r

∑α≥0 c(a;ℓα,r)|ℓα|ϕ(ℓα) ϕ(gcd(ℓα,r2))| gcd(ℓα,r2)|∑
α≥0
c(a;ℓα,1)
|ℓα|ϕ(ℓα)


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The expression inside of this sum is a multiplicative function over r, so we can write the sum as a
product over primes ℓ′ ∤ a. Since the product inside of the sum runs over primes dividing r, r = ℓβ, β 6=
0 =⇒ ℓ′ = ℓ. The sum in the denominator gives cancellation in the first product, so we write
(5.4)
∏
ℓ|a

∑
α≥0
c(a; ℓα, 1)
|ℓα|ϕ(ℓα)

∏
ℓ∤a

∑
α≥0
β≥0
1
|ℓβ |ϕ(ℓ2β)
c(a; ℓα, ℓβ)
|ℓα|ϕ(ℓα)
ϕ(gcd(ℓα, ℓ2β))
| gcd(ℓα, ℓ2β)|


This last factor is 1− 1|ℓ| if αβ 6= 0 and 1 otherwise. Therefore, the remaining sum becomes
∑
α≥0
β≥0
1
|ℓβ |ϕ(ℓ2β)
c(a; ℓα, ℓβ)
|ℓα|ϕ(ℓα)
ϕ(gcd(ℓα, ℓ2β))
| gcd(ℓα, ℓ2β)|
= 1 +
∑
α≥1
c(a; ℓα, 1)
|ℓα|ϕ(ℓα) +
∑
β≥1
1
|ℓβ|ϕ(ℓ2β) +
(
1− 1|ℓ|
)∑
β≥1
1
|ℓβ|ϕ(ℓ2β)
∑
α≥1
c(a; ℓα, ℓ)
|ℓα|ϕ(ℓα)
= 1 +
∑
α≥1
c(a; ℓα, 1)
|ℓα|ϕ(ℓα) +
1
|ℓ|3 − 1

 |ℓ|
|ℓ| − 1 +
∑
α≥1
c(a; ℓα, ℓ)
|ℓα|ϕ(ℓα)


Using Lemma 5.1, we compute the remaining sums:
∑
α≥1
c(a; ℓα, 1)
|ℓα|ϕ(ℓα) =
{
1
|ℓ|2−1
if ℓ | a
−2
(|ℓ|2−1)(|ℓ|−1)
if ℓ ∤ a,
and ∑
α≥1
c(a; ℓα, ℓ)
|ℓα|ϕ(ℓα) =
1
|ℓ|2 − 1
Returning to 5.4, we now have∏
ℓ|a
(
1 +
1
|ℓ|2 − 1
)∏
ℓ∤a
(
1− 2
(|ℓ|2 − 1)(|ℓ| − 1) +
1
|ℓ|3 − 1
( |ℓ|
|ℓ| − 1 +
1
|ℓ|2 − 1
))
,
which simplifies to ∏
ℓ|a
(
1− 1|ℓ|2
)−1∏
ℓ∤a
( |ℓ|(|ℓ|2 − |ℓ| − 1)
(|ℓ|2 − 1)(|ℓ| − 1)
)
.
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